Here we develop analytically the formulas for effective permeability in several configurations using the closed-form description of tree networks designed to provide flow access. The objective was to find the relation between the permeability and porosity of tree-shaped fissures. We found the effect of the fracture size on the permeability for fixed number of bifurcation and the results showed that the permeability of the fracture network increased rapidly with the size of the fracture. Next, we found a relation between the Reservoir Quality Index (RQI) and the porosity of the fracture. The results in this paper have been validated by comparison with experimental and numerical results. We show that the permeability formulas do not vary much from one tree design to the next, suggesting that similar formulas may apply to naturally fissured porous media with unknown precise details, which occur in natural reservoirs.
Multi-scale flow structures distributed non uniformly
Fractured porous media such as hot dry-rock deposits [1] [2] [3] are considerably more complicated and difficult to describe than the packed-spheres systems described by compact formulas such as the Carman-Kozeny permeability model [4] . The reason is that fractured media have fissures with many length scales, which are distributed and oriented nonuniformly through the available volume. The fluid that is forced to permeate through such a medium follows paths that can be described as random combinations of organized channel flow and disorganized porous medium flow. The organized portion is the flow through the largest fissures, while the disorganized flow is the seepage through the smaller volumes filled with the finer fissures.
The challenge is to describe the permeability of such complex flow structures by means that approach the simplicity of the models known for uniform packings of particles with a single length scale. Here we show that the flow permeability of fractured solid has relatively universal and predictable characteristics. We show this by modeling the multi-scale flow volume as tree shaped, with a precise architecture that results from constructal design: the maximization of flow access through the fluid space [5, 6] .
A new trend in convection and designed porous media is the use of tree-shaped structures for accessing areas or volumes with minimal flow resistance. The current progress was reviewed in Ref. [7] .
One development that is relevant to the present paper is the design of nearly-optimal dendritic structures based on compact recurrence formulas obtained by minimizing the length of every link in the dendritic flow structure [8] . Another relevant development is the demonstrated robustness [9] of dendritic flow configurations: the performance level does not vary significantly from one configuration to another.
The current progress made on dendritic structures is an opportunity to describe in compact form the 'volumetric permeability' of such structures. This may shed light on the constitution of the effective permeability of a naturally fractured porous medium. The basis for this speculation is that dendritic flow structures are similar to fissured porous media. They have channels with multiple length scales, which are organized hierarchically. These channels are distributed and oriented nonuniformly. The robustness of dendritic structures suggests that the performance of similarly complex structures (e.g., fissured media) is similar to that of dendritic structures, and may be expressed by formulas developed for dendritic structures. Progress in this direction was demonstrated by Xu et al. [10] who calculated the permeability of a fractal-like tree network in one configuration, fractal-like tree networks between one point and a straight line. A fractal-like tree is a geometric object with postulated (assumed, not predicted) algorithm of construction and smallest length scale. Several other investigators have studied self-similar fracture networks. For example, Velde et al. and Sahimi et al. [11] [12] [13] [14] analyzed the fractal patterns of fractures in porous media. Gueguen and Chelidze [15] also studied the fracture patterns in Stockbridge dolomite marble, which reported a highly interconnected and very branched network. Wang et al. [16] and Voorn et al. [17] reported numerically the permeability of fractured porous media. Miao et al. [18] studied analytically the permeability of fractured rocks.
In this paper we explore the theoretical basis for the permeability of fissures by taking full advantage of the closed-form description of tree networks with minimal-length channels [8] . We develop analytically the formulas for effective permeability in four different flow configurations: tree connecting one point and a square frame, flow perpendicular to the plane of the tree, tree connecting a circle with its center, and tree connecting a point with an area. To study the effect of changing the flow direction (along the plane of the design or normal to the plane) is important because the assembly of fissures is not necessarily the result of the flow itself. Fissures in rocks are not like the river channels on the plain. They can be of solid mechanics origin, such as the phenomenon of cracking during the release of tension in a solid that is in a state of volumetric tension. We show that the permeability formulas do not vary much from case to case, suggesting that essentially the same broad formula applies to naturally fissured porous media.
Tree connecting one point and a square frame
Start with is the two-dimensional tree structure shown in Fig. 1 . The flow connects the center of the square with many ports positioned equidistantly on the perimeter. Each channel is modeled as the space between two parallel plates of spacing D i and flow length L i , where i indicates the pairing or bifurcation level. The smallest scale is found near the perimeter, i = 0. The structure has n levels of pairing. The largest channels reach the center, i = n. Symmetry allows us to focus on a one-eighth section of the structure.
The optimal configuration is discovered numerically and sketched qualitatively as Section 2in Fig. 1 : noteworthy is the longest channel, which is not aligned with the diagonal of the square. The alternative shown as Section 1is the structure based on minimizing the length of each channel, starting from the smallest (L 0 ) and proceeding towards the largest [8] . This structure is characterized by the relations perimeter is n 0 = 2 n . The distance from the center to the side of the square is
The necessary recurrence relation for D i follows from the minimization of flow resistance subject to fixed total channel volume. We assume that each channel is small and slender enough that the flow is in the Poiseuille regime. It can be shown [7] that a Y-shaped structure formed by two D i channels merging into one D i+1 channel has minimal overall flow resistance when
The flow resistance between the center of the square and the total flow rate is DP= _ m n , where DP is the overall pressure difference,
The pressure drop along a channel of level i is
, and Eq. (5) becomes
From this we can deduce the effective permeability of the structure by writing the Darcy law
where L d is the distance from the center to the side of the square, and u is the volume averaged velocity of the flow crossing the L d boundary of Section 1 in Fig. 1 (note that we analyze the flow on 1/8th of the square domain):
Eqs. (6)- (8) yield the permeability as a function of the smallest scales (D 0 , L 0 ) and complexity (n):
The porosity (/) of porous medium is the ratio between the pore volume V p to the total volume V t . The total porosity can be defined as / = V p /V t . The Carman-Kozeny relation for the permeability of packed spheres shows K as a function of the particle diameter and the porosity of the structure. The porosity of the half system described by Eq. (9) is
By eliminating L 0 between Eqs. (9) and (10) we find
Alternatively, this result can be expressed in terms of the thickness of the largest channel, D n ,
Eqs. (11) and (12) resemble the Carman-Kozeny formula 
Flow perpendicular to the plane of the tree
In the analysis of Fig. 1 it was assumed that the flow is aligned with the L i lengths, which is the direction of the flow for which the tree structure with minimal global resistance was generated. In a natural multi-scale flow structure, however, the flow direction is governed by the applied pressure difference, not by the fracture mechanism that generated the structure. Consequently, an additional idea to explore is whether the flow direction has a major effect on the effective permeability of the complex structure.
Assume that in Fig. 1 the flow is oriented in the direction perpendicular to the figure. In that direction, the dimension of the one-eighth section is W, which is sufficiently larger than L n . Each channel is a space of thickness D i , width L i , flow length W, and 
where for Poiseuille flow
By combining Eqs. (13) and (14) we obtain the global relation between pressure difference and mass flow rate,
The corresponding permeability of this structure comes from the Darcy relation
in which the volume averaged velocity is
Together, Eqs. (15)- (17) and the porosity formula (10) yield
Eqs. (18) and (19) n is a more appropriate way of accounting for the effect of fissure size, because K becomes independent of n when n is larger. Another conclusion is that the change in flow direction from along the tree of Fig. 1 to perpendicular to the plane of Fig. 1 has practically no effect on the behavior of the permeability function Kð/; D 2 n ; nÞ.
Tree connecting a circle with its center
Additional evidence on the robustness of the K function for multi-scale fissured media is provided by the analysis of Poiseuille flow through point-circle networks of the type shown in Fig. 4 . The nomenclature is the same as in Fig. 1 , with one additional degree of freedom: the number of the largest channels (D n ) that reach the center (n c ). In Fig. 4 that number is n c = 3. For the point-circle trees of Fig. 4 , Ref. [19] reported the complete architectures for minimal flow resistance for cases with 3 6 n c 6 16 and bifurcation levels in the range 0 6 n 6 4.
The optimal values for the dimensions of each channel (D i , L i ) are reported in tabular form Ref. [19] , with the reminder that i = n represents the smallest dimensions, at the periphery, and i = 0 the dimensions of the largest channels that reach the center (note that the present i notation is the reverse-direction relative to the notion used in Ref. [19] ). Nearly optimal versions of the same structures are reported in Ref. [8] based on the same channel length minimization algorithm that generated Section 1 of Fig. 1 . In this paper we relied on the minimal-length structures, but for conciseness we fixed the number of central channels at n c = 3, as in the example shown in Fig. 4 .
For the case where the flow is oriented along the tree (i.e., in the plane of Fig. 4 ) the analysis of Section 2 continues to apply, provided that L d is replaced by the circle radius R. The radius R can be represented in terms of L 0 by using the values of L i reported in Ref. [19] . Let the ratios between the channels length
. ., where a, b and c are values that can be found from the table in Ref. [19] . The angle h i for each level of bifurcation is also reported in Ref. [19] . Therefore, the radius of the circle is
By evaluating the permeability for each level of pairing (n) using the values of the angles and ratios tabulated in Ref. [19] we find the permeability as a function of the smallest scales ðK=/D The results reveal the robustness of K, because the change from square systems (Fig. 1) to round systems (Fig. 4 ) has no effect on the behavior of the function K ð/; D 2 n ; nÞ: If we assume that the flow is perpendicular to the plane of These results are reported in Figs. 2 and 3 , where they are labeled Section 4\. These results reinforce the earlier conclusions, including the insensitivity of K to the change in flow direction. Furthermore, more K curves could be derived for other tree-shaped arrangements of fissures, and it is very likely that they would look similar to what we have seen here in Figs. 2 and 3 . One class of tree architectures that would produce such a set of K curves are the point-circle trees optimized in Ref. [19] . Another class if analyzed in the next section.
Tree connecting a point with an area
The distinguishing feature of the tree structures analyzed until now is that each connects on point with many points positioned equidistantly on a line (square Fig. 1, and circle Fig. 4) . Another class that has received considerable attention are the two-dimensional trees that connect a point with a finite-size area. In this case, the many points of the tree canopy are spread uniformly over an area. Fig. 5 shows a 4-point canopy, which is connected with the tree root by a dichotomous flow structure. The flow in this case is laminar. The smallest scales are (D 0 , L 0 ). In Fig. 5 there are only two levels of pairing or bifurcation, n = 2. The nomenclature is the same as in Section 3, with the observation that the flow is perpendicular to the plane of Fig. 5 . In that direction the system dimension is W.
The construction of Fig. 5 is detailed in Ref. [7] , where the constructal principle is the minimization of flow resistance at each level of assembly, or pairing. This design approach has shown that the shape of each new larger construct alternates between a square and a rectangle formed by two squares. For this reason, the largest length of each new construct doubles after every two levels of pairing. For example, starting from the elemental square L 0 Â L 0 in Fig. 5 , the length of the largest channel that reaches the root progresses in the sequence L 0 , L 1 = L 0 , L 2 = 2L 0 , . . .. When the tree structure has a large number of pairing levels n, it is convenient to approximate the sequence of length scales as
It can be shown that the structure formed by two D i channels merging into one D i+1 channel has minimal overall flow resistance when
The porosity of the two-dimensional flow structure is equal to the area of the tree channels divided by the total frontal area of the system 2 nþ2 L 2 0 . The pore volume is 2 n D 0 L 0 ðn þ 1Þ. The porosity estimated in this manner is
The effective permeability follows from Eqs. (15)- (17) and (23) 
and is plotted in Figs. 2 and 3 . We see once again the use of D 
Discussion
In the analysis presented above we showed the robustness of the permeability K function for multi-scale fissures. At this stage it is important to validate the dendritic flow structure method used in this paper with numerical and experimental results based on conventional methods. Fig. 3 showed the effect of the number of bifurcation n on the permeability, and indicated that the effective permeability becomes constant when n is large enough. This is in agreement with results of Ref. [10] , with the observation that in Ref. [10] m is the number of bifurcation and K + is the dimensionless permeability referenced to the largest scale. Fig. 6 shows the permeability versus the porosity for different configurations, which are labeled Sections 2-5. The permeability increases with the porosity, and this is in agreement with experimental results from Ref. [20] . Our results also agree with the numerical simulation and experimental results reported by several other authors [18, [21] [22] [23] [24] .
Another result of the present paper is the effect of the fracture size D n on the permeability for different configurations. Fig. 7 shows the effect of size on the permeability in the configurations presented in Figs. 1, 4 and 5 for a fixed number of bifurcations, n = 4. The figure shows that the permeability of the fractured solid depends strongly on the largest scale D n . The results show agreement with the experimental data reported in Ref. [25] . By repeating the analysis by changing the number of bifurcations (n) we found that the behavior shown in Fig. 7 of the permeability relation does not change.
The orientation of the flow direction relative to the plane of the fissure configuration has a sizeable effect on the permeability, as shown in Fig 3. For the same configuration, the permeability is higher when the flow is perpendicular to the flow direction. The effect of fracture orientation on the permeability in relatively good agreement with the results from the cubic law method reported in Ref. [18] .
An important measure of the permeability of the fracture is the Reservoir Quality Index (RQI), introduced by Amaefule et al. [26] . The RQI is related to the ratio of the permeability to porosity, RQI = 0.0314(K//) 1/2 . Fig. 8 shows a log-log plot of porosity versus RQI, which reveals a straight line with unit slope, which agrees with results reported in Refs. [24, 26] . In summary, in this paper we determined the permeability of three-shaped arrangements of fissures, which corresponds to dendritic flow structures designed for minimum flow resistance. The width of the largest length scale has a great impact on the permeability than the smallest length scale, as shown in Figs. 1 and  2 . As the complexity of the tree-shaped fissure increases, the permeability group becomes constant if referenced to the largest scale D n . The results also show that the permeability increases as the porosity increases, as shown in Fig. 6 . The permeability of the fracture depends strongly on the largest scale D n . The results presented in Fig. 7 shows that as the size of the fracture for a fixed number of bifurcation increases the permeability also increases. Moreover, as the porosity of the fractured medium increases the Reservoir Quality Index increases.
The chief conclusion is that the permeability formulas do not vary much from one configuration to another. The permeability is a robust characteristic of the flow architecture. The practical importance of this conclusion is that the present results apply to other naturally fissured porous media. The approach outlined in this paper can be pursued further by considering other flow regimes, such as developing laminar and transitional to turbulence, especially in view of applications to fissured media at larger scales.
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